CHAPTER SIX
INTERPOLATING BETWEEN DATA POINTS

In this chapter we will study linear interpolation and Newton's
forward and backward formulae which are used for readings at

equal intervals.

. Interpolation is a procedure for determining a value of y
corresponding to some specified value of x, when x falls between
two known values, say x1 and xi+1.

. The goal in interpolation is to determine the value of y as
accurately as possible by passing an equation through the data
points themselves rather than through the aggregate of the data
points (as discussed in the last Chapter).

. The equation of interpolation need not be passed through all of
the data points but just the data points within the immediate area of
interest.

. The number of data points included in the equation generally
depends on the nature of the interpolation curve (straight line or
polynomial) and the level of accuracy required in the interpolated

value.
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LINEARINTERPOLATION

. The graph shown contains two data points:
Pr=(x,,v1), p2=(x2,¥2)

and we wish to determine the value of y corresponding to some
specified value of X, where

X1l < X< X2.

y
Yz f) P
y
D1
Vi
X, X X, X

. By connecting the two data points pl and p2 with a straight line,
the desired value of y at the specified value of x can be determined

as:
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y=p + 22 (v - x))
Xy — X

Example:
Given the two data points (2.0, 5.5) and (2.1, 7.2). Determine

the value of y corresponding to X = 2.03 using linear interpolation.
Solution: We have,

x1=2.0 yl=55

x2=21 y2=72

x=2.03

Substituting in Eq. (6.1), we get

y(2.03)=55+[(7.2-5.5) /(2.1 -2.0)] *(2.03 -2.0)=6.01
Thus, the new interpolated data point is (2.03, 6.01).

Solution of the Example using Excdl:
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POLYNOMIAL INTERPOLATION
a) FORWARD DIFFERENCES

. Suppose we wish to fit an interpolating polynomial through a

number of equally spaced data points rather than a linear
interpolation, as shown in the Figure below.

. Forward difference is defined as:
AVi = Vi+1 - Vi

It 1s called the forward difference because it is obtained by
subtracting the current point (yi) from the forward point (yi+1).

We can extend this concept to higher differences by writing
2
A" yi = Ayir - Ay;
3 2 2
A yi=A" i -A"Y;
k k-1 k-1
A Yi=A" Y -ATY;

Thus we can construct the following table of forward differences

for a data set consisting of six data points:



Xi Vi Ay, Ay, Ay Ay Ay
X3 y2 Ay, Ay, Ay, Ay,

X3 Vi Ay Ay, A'y;

X4 V4 Ay, Ay,

X3 ys Ays

X4 VYo

. The interpolated value y at a specified X can be given by using the

Gregory-Newton forward interpolating formula given as:

-1
u(u : r)ﬂzyl
2'h

N u(u—h)(u— 2]’).»_'\.3_1.-3

i
J'! = -]'!l + ;'a-l‘l + -:‘1] 3
a.n

where:

h = equal spacing between the given x values (e.g., h =x2—-x1)
u=x-x1

Example:

Usetheforward interpolation Equation to inter polate the value
of y correspondingtox = 1.7

for the given set of data:
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1

2 2
3 10
A+ o
5 141
6 366

Solution: We start the solution by constructing the forward

differencetable.

X; i Ay Ayi Ay A'y Ay,
1 1 1 7 19 18 10
2 2 8 26 37 28

3 10 34 63 65

4 44 97 128

5 141 225

6 366

h=1

x = 1.7 x; =1 u=(x-x;)=10.7

vi=l  Ay;=1 Aly=7 Ay=19 Ay =18 Ay =10
Substituting these values into the Equation, we obtain:

y (1.7) = 1.5312475
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Solution of the Example using Excel:

=E2HI2*C 2321 2-13) ¥ D 2 (¥ 32T 2% (1 2-T 3T 2- 2% 3 E 206 *137 3 +T 24 (12-13) %
T2- RT3 (T2 -3+ F (24T 3 )T 2 (T2 - T3 (12 - 2T 3 (T2- 35T 3 (T2- 4 3G 2 120%T 37
5)

1 7 19 18 10 u= 0.7

8 26 37 28 h= 1
34 63 65
97 128
225

b) BACKWARD DIFFERENCES

Forward difference interpolation works well when the

inter polation point is near the beginning of the data set. On the
other hand, backward differences provide a more accurate
result when the interpolation point is near the end of the data
Set.

. Backward differenceisdefined as:

?}rl = }I - }.ri_]
It is called the backward difference because it is obtained by
subtracting the backward point (yi-1) from the current point

(i).

. We can extend this concept to higher differences by writing
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2
V7yi = Vyi- Vyii
3 2 2
V }ri —_— V }ri - V }-i.—l
vlg o Vk-l ) k-1 _.
Vi = YVi- V7 Vi

Thus we can construct the following table of backward

differencesfor a data set consisting of six data points;

X; Vi vy, Vi Vi Vi Vi
X1 ¥i

X3 Y2 Vy,

X3 Y3 Vys v Y3

X4 V4 Vy, v’y AR

Xs Ys Vys Vv Vs v’ Vs \"a Vs

X6 Yo Vs Vive  Vve Viye Vg

. Theinterpolated valuey at a specified x can be given by using

the Gregory-Newton backward interpolating for mula given as.

u(u + h)
25

u(u+ h)(u+2h)
3?

i
y=nm +’—Vy| + sz| + V:‘y. +
1

Example:

Use Equation (6.3) to interpolate the value of y corresponding
tox = 5.7 for the given set of data:
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1

2
10
44
141
366

r:\tn-hmm—t;

Solution: First we construct the backward difference table.

Xj Vi Vyi Vyi Vv vy Vyi

1 1

2 2 1

3 10 8 7

4 44 34 26 19

5 141 97 63 37 18

6 366 225 128 65 28 10
h=1

n

x=5.7 X; =6 u=(x-x;)=-03

yi=366 Vy, =225 Vy; =128 V'y;=65 V'y;=28 V' y, =10
Substituting these values into the backward interpolation
Equation, we obtain:

y (5.7) = 279.7707



Solution of Example (3) using Excel:

™ Microsoft Excel - chapb-3
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